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e We consider how to incorporate certain shape constraints such as o Theorem: (Roberts and Varberg 1973, c.f.): Let f : [0,1] — R be a e n =100, p = 1000 method precision _recall model size  MSE
. . : : : . _ _ o _ _ o _ _ 4 Scenario 1, SNR = 3
convexity/concavity and their extensions into sparse additive models function with finite one-sided derivatives at 0 and 1. Then f is DC iff o Vi = ijl fi(x;) + € SpAM 087 (0.19) 0.99 (0.04) 4.93 (1.86) 1.15 (0.39)
D , FLAM 0.82 (0.21) 1.00 (0.00) 5.48 (2.60) 0.85 (0.24)
v (X X X ) g f'(X) g h_1 ® X,'j ~ UHIfOl”Hl(—Q.F), 25) and SDCAM 0.86 (0.17) 0.99 (0.05) 4.78 (1.14) 1.32 (0.41)
= m( A1, Ao, ... +C = E AAj) T+ f(x: — f(x; f(x)— f(x_ s 2 : _ Scenario 1, SNR = 5
? y y LNP . J\"7J HfHDC — sup 2 : ( I—|—1) ( I) ( I) ( ! 1) < 00, €; N(O, o2 ) with SNR 3orb SpAM  0.92 (0.14) 100 (0.00) 4.54 (1.14) 0.72 (0.20)
e Many functions that arise in practice tend to be convex/concave or monotonic B SpAM (Ravikumar et al. 2008) SDCAM 0.9 (0.13) 1.00 (0.00) 4.41 (0.96) 0.75 (0.18)
- =y " . Scenario 2, SNR =3
(Groeneboom and Jongbloed 2014) where the supremum is taken over n and the partitions P of [0, 1]. and FLAM (Petersen, Witter SoAM 057 (0.10) 0,00 (0.0 491 (152) 0.89 (036
* In high-dimensional setting, many covariates may not be relevant e Based on such characterization, we estimate DC functions by solving and Simon 2016) SDOAM 093 (0.12) 100 (000) 4.6 (0.7%) 064 (0.4
® OUI‘ COntribUtionS: Scenario 2, SNR =5
o _ _ n p p SpAM  0.92 (0.14) 1.00 (0.00) 4.51 (1.17) 0.47 (0.17)
o A sparse convex additive model (SCAM) to estimate convex (and monotonic) component . . 2 A \ | o Scenario 1: all component FLAM 0.76 (0.19) 1.00 (0.00) 5.70 (1.74) 0.49 (0.16)
functions in h|gh dimensional additive modeling \VIJTEI%C Z (yl o Z _/(Xl_])) —I_ ( d” ./HDC —I_ SH ./Hz) f . . . p SDCAM 0.98 (0.06) 1.00 (0.00) 4.10 (0.30) 0.25 (0.04)
)1 J . . .
o A sparse difference of convex additive model (SDCAM) to address potential robustness =1 /=1 =1 unCtIO.nS are piecewlse constant SPAM  0.92 (0 12?6235230(%050%:73(1 30) 0.47 (0.10)
issue of SCAM, e.g., convex functions are mistakenly believed to be concave | . | | o e Scenario 2: all component FLAM 0.86 (0.16) 1.00 (0.00) 4.84 (1.17) 0.55 (0.11)
o An efficient backfitting algorithm with linear per-iteration complexity e Can reduce to an equivalent finite-dimensional optimization problem: functions are smooth PDCAM 0.57 (O'Oz) H0 (2'050;:'155(0'41) 041 (0.09)
. 5 5 e Scenario 3: £, is smooth and the SpAM  0.98 (0.07) 1.00 (0.00) 4.11 (0.34) 0.21 (0.04)
- _ _ _ FLAM 0.77 (0.19) 1.00 (0.00) 5.62 (1.85) 0.26 (0.06)
Sparse Convex Additive Model (SCAM) . Z ()/i B ZZU)2 n ()\dHinDCj . )\sHZjH2)> rest of them are piecewise linear SDCAM 0.99 (0.05) 1.00 (0.00) 4.06 (0.24) 0.15 (0.02)
. . vfaijEH . ; ; )
o Given a set of data samples {(x;,y;) : x; € RP,y; e R,i=1,...,n}, solve i=1 J=1 J=1 - (a)Scenario 1 2
| i p D where for z € R"” we define | :—:“L |
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o Ci:={f:[0,1] = R|E(f(X;)) =0, f is convex} A ) S;nar_:z S
I
. 2 . .
o ||fi|l2:= \/E(ij (X;)) is the Ly norm of component function f; Modified Backfitting Algorithm i 15 2

e Can reduce to an equivalent finite-dimensional optimization problem:

e In each iteration, fix all component fits except for one z; and solve the

n p , p resulting subproblem: I
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. . where ¥; € R" is the partial residual that removes the contribution of z;. o
n J P J
o z; € R” are the component fits on the observed values: z; = fi(x;),i =1...,n | | | |
e 5 = f(%;) is a permuted version of z;, according to x; e Theorem: The solution can be characterized as | |
e H:={z € R":> " z =0} is the empirical centering constraint 2 2
® The convex cone P)\d|H|DCj‘|‘)\sH’H2+H(rj) — P)‘SHHQ |:P,H(P)‘dH||DCJ(rJ))i| ] —1: -o.5>
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%o — Xij Koj — Xn_1, where P, is the proximal operator associated with a convex function f o o Z
is sufficient and necessary to ensure f; to be convex (Hildreth 1954). 1
P/(r) = argmin §Hz —r||5+ f(z), VreR"
Difference of Convex (DC) Functions e

e P, amounts to subtracting the average

o What if we were wrong and the component function f; is in fact concave?
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o Idea: consider the class of difference of convex (DC) functions * Poge(r) = (1 |r||2>+r s the block soft thresholding operator om0 x0T o e % T e
e With a suitable change of variables, computing P (¥;) is equivalent to
- = " p— — . . ' A H” A
e Fact: most continuous funCtiOnS (COnVGX/SmOOth or nOt) N practice are DC RminR 1 § | Aj (\i’) — Fj + )\dHWHtv; o 29 |2-|6i|7dreth 5319%546)1.9“P0int estimates of ordinates of concave functions”. [n: Journal of the American Statistical Association
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