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Overview

In latent space modeling of networks, we aim to
• reduce the high-dimensional network data to a
K-dimensional “feature space” – each feature
corresponds to a role or a community!"#$%#&'(")$&*+,$-.%/&
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For large-scale networks, we need
• inferential mechanisms that scale in both the number of
vertices N and the number of roles K

However, popular statistical network models and inference
algorithms do not scale linearly
•MMSB batch variational [Airoldi et. al (2008)]: O(N 2K2)
•MMTM Gibbs sampling [Ho et. al (2012)]: O(NK3)

We present
• an O(NK) scalable approach, with competitive or
improved accuracy for latent space recovery and link
prediction

• an implementation that allows network analysis with
millions of nodes and hundreds of roles in hours on a
single multi-core machine

Triangular Representation of Networks

Represent networks as a bag of triangular motifs
• record each vertex triple containing 2 or 3 edges
• ignore triples with 0 or 1 edge

Original network A bag of triangular motifs 
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Why Triangular Representation?

•Well studied in social science, data mining and biology
•Basis for network clustering coefficient, i.e., ratio of 3-edge triangles to
2/3-edge triangles

•Preserves network information – 2/3-edge triangles cover almost all the edges
except isolated edges

•A succinct representation – the number of triangular motifs is bounded by
O(ND2), where D is the maximum vertex degree

•For high-degree networks, use δ-subsampling to maintain O(Nδ2) triangular
motifs
• for each vertex with degree higher than δ, uniformly sample δ(δ − 1)/2 triangles from the set
composed of (a) its adjacent 3-edge triangles and (b) its adjacent 2-edge triangles with that
vertex in the center

Parsimonious Triangular Model

•A generative model for a bag of triangular motifs, not for network simulation!"#"$%&'(")*&+$,)
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θi θj θk

Eijk

B

Eijk ∼ TriangleDistribution

(B, si,jk, sj,ik, sk,ij)

θi ∼ Dirichlet (α)

si,jk ∼ Discrete (θi)

B0, Bxx, Bxxx ∼ Dirichlet (λ)
si,jk

sj,ik
sk,ij

•O(K) parameters for triangle-generating probabilities
•Bxxx: if all three role indices are in the same state x
•Bxx: if only two role indices exhibit the same state x (called majority role), shared across
different minority roles

•B0: if the three role indices are all distinct, independent of the role configurations
•Posterior inference of (s, θ, B) by stochastic variational inference

• randomly sample a mini-batch of triangular motifs, and only update their local variational
parameters for roles si,jk in parallel

• accumulate sufficient statistics for the natural gradients of global variational parameters for θi
and B

• optimize the global variational parameters by a stochastic natural gradient ascent rule

Experimental Results

Latent space recovery on MMSB and power-law graphs with increasing
network size N and K
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• recovery accuracy measured by NMI (normalized mutual information)
• our method is faster and more accurate on large networks
• on N = 1000 networks, the algorithm converges within 1-2 data passes

Link prediction on synthetic and real networks

Latent space recovery on Synthetic Power-Law and MMSB Networks
Accuracy vs MMSB, MMTM Runtime Full vs Mini-Batch
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Figure 1: Synthetic Experiments. Left/Center: Latent space recovery accuracy (measured using Normalized
Mutual Information) and runtime per data pass for our method and baselines. With the MMTM/PTM Gibbs and
MMSB Variational algorithms, the larger networks did not complete within 12 hours. The runtime plots
for MMSB easy and Power-Law easy experiments are very similar to the hard experiments, so we omit them.
Right: Convergence of our stochastic variational algorithm (with 10% minibatches) versus a batch variational
version of our algorithm. On N = 1, 000 networks, our minibatch algorithm converges within 1-2 data passes.

Link Prediction on Synthetic and Real Networks
Network Type Synthetic Dictionary Biological arXiv Collaboration Internet Social

Name MMSB Power-law Roget Odlis Yeast GrQc AstroPh Stanford Youtube
Nodes N 2.0K 2.0K 1.0K 2.9K 2.4K 5.2K 18.7K 282K 1.1M

Edges 40K 40K 3.6K 16K 6.6K 14K 200K 2.0M 3.0M

Our Method AUC 0.93 0.97 0.65 0.81 0.75 0.82 0.86 0.94 0.71
MMSB Variational AUC 0.91 0.94 0.72 0.88 0.81 0.77 — — —

Table 2: Link Prediction Experiments, measured using AUC. Our method performs similarly to MMSB
Variational on synthetic data. MMSB performs better on smaller, non-social networks, while we perform
better on larger, social networks (or MMSB fails to complete due to lack of scalability). Roget, Odlis and
Yeast networks are from Pajek datasets (http://vlado.fmf.uni-lj.si/pub/networks/data/);
the rest are from Stanford Large Network Dataset Collection (http://snap.stanford.edu/data/).

(even after many iterations and trials), without reaching a good solution4. We believe our method
maintains high accuracy due to its parsimonious O(K) parameter structure — compared to MMSB
Variational’s O(K2) block matrix and MMTM Gibbs’s O(K3) tensor of triangle parameters.
Having fewer parameters may lead to better parameter estimates, and better task performance.

Runtime. On the larger networks, MMSB Variational and MMTM/PTM Gibbs did not even
finish execution due to their high runtime complexity. This can be seen in the runtime graphs, which
plot the time taken per data pass5: at N = 5, 000, all 3 baselines require orders of magnitude more
time than our method does at N = 10, 000. Recall that K = O(N), and that our method has time
complexity O(Nδ2K), while MMSB Variational has O(N2K2), and MMTM/PTM Gibbs has
O(Nδ2K3) — hence, our method runs in O(N2) on these synthetic networks, while the others run
in O(N4). This highlights the need for network methods that are linear in N and K.

Convergence of stochastic vs. batch algorithms. We also demonstrate that our stochastic varia-
tional algorithm with 10% mini-batches converges much faster to the correct solution than a non-
stochastic, full-batch implementation. The convergence graphs in Figure 1 plot NMI as a function of
data passes, and show that our method converges to the (almost) correct solution in 1-2 data passes.
In contrast, the batch algorithm takes 10 or more data passes to converge.

5.3 Heldout Link Prediction on Real and Synthetic Networks
We compare MMSB Variational and our method on a link prediction task, in which 10% of
the edges are randomly removed (set to zero) from the network, and, given this modified network,
the task is to rank these heldout edges against an equal number of randomly chosen non-edges.
For MMSB, we simply ranked according to the link probability under the MMSB model. For our

4 With more generous initializations (20 out of 100 ground truth nodes per role), MMTM/PTM Gibbs
converge correctly. In practice however, this is an unrealistic amount of prior knowledge to expect. We believe
that more sophisticated MCMC schemes may fix this convergence issue with MMTM/PTM models.

5One data pass is defined as performing variational inference on m triangles, where m is equal to the total
number of triangles. This takes the same amount of time for both the stochastic and batch algorithms.
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Real world networks – convergence on heldout data
N = 58K, E = 214K, δ = 50, # motifs = 3.5M N = 82K, E = 504K, δ = 50, # motifs = 9.0M
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N = 282K, E = 2.0M, δ = 20/50, # motifs = 11.4/25.0M N = 685K/1.1M, E = 6.6M/3.0M, δ = 30/50, # motifs = 57.6M/36.0M
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• our algorithm is able to infer a 100-role latent space on a 1M-node Youtube
social network in 4 hours, using a single machine with 8 threads


